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Abstract 

We have solved completely the problem of the description of quasi-linear hyper¬ 
bolic differential equations in two independent variables that are invariant under 
three-parameter Lie groups. 


The problem of group classification of differential equations is one of the central prob¬ 
lems of modern symmetry analysis of differential equationsfl]. One of the important 
classes of hyperbolic equations. The problem of group classification of such equations has 
been discussed by many authors (see for instance [2-9]). On this report we consider the 
problem of the group classification of equations of form: 


xx T F(t, x, it, u x f 


( 1 ) 


where u = u(t, x)and F is anarbitrary nonlinear differentiable function, with F UxUx 0 
is an arbitrary nonlinear smooth function, which dependet variables u or u x . We use 

du d 2 u „ dF du d 2 u 


following notation u x = — 

ox 


'U'T.T. 


dx 2 ’ 


F„_ = 


du„ 


Ut ~ dt ’ Utt 


dt 2 


For the group 


classification of equation ([!]) we use the approach proposed in [10]. Here we give three 
fundamental results (for details, the reader is refered to [11]). 


Theorem 1 The infinitesimal operator of the symmetry group of the equation m has 
following form: 


X = (A t + Xi)d t + (Ax + \ 2 )d x + ( h(x)u + r(t, x))d u , (2) 


where A, Ai, A 2 are arbitrary real constants and h(x), r(t, x) are arbitrary functions which 
satisfy the condition 


d 2 h 

Vtt ~ ~T~ 2 U ~ rxx + — 2A )F — (At + Ai )F t — (Ax + \ 2 )F X — 

dx z 

dh dh 

(Hu 4“ r)Fu 2u x — X^F a — uF u v'xFu 0. 

dx dx 


( 3 ) 
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Theorem 2 The equivalence group of the equation & is given by transformations of the 
following form: 

i = 7 t + 7 i, x = £ 7 x + 72 , v = p(x)u + 9(t,x), 7^0, p ^ 0, e = ±1. (4) 

Using theorem 2, one can prove the following result: 

Theorem 3 In the class of operators & ,there are no realizations of the algebras so(3) 
and sl(2,R). 

From this theorem we obtain the following : 

Note 1 in the class of operators ([|j there are no realizations of any real semi-simple Lie 
algebras; 


Note 2 there are no equations w which has algebras of invariance, which are isomorphic 
by real semi-simple algebras, or conclude those algebras as subalgebras. 


The set of three-dimensional solvable Lie algebras consists of the following two decom¬ 
posable Lie algebras: 

A3.1 — Ai © Ai © A\ = 3 Ap, 

A 3.2 = A 2.2 © Ai, [ei, 62 ] = e 2 , 

and the following eight of non-decomposable Lie algebras: 


-A3.3 
A3.4 
A3.5 
A 3.6 
-A3.7 


\ e 2, 63 ] = e\\ 
[ e i 1 63] — e ij 

[ei, 63 ] = e±, 
[ e i> 63] — e i j 
[ e i> 63] — e ij 


\ e 2, 63 ] = ei + e 2 ; 

[e 2 , e3 ] = 62; 

l e 2, e 3 ] = —e 2 ; 

[e 2 , e 3 ] = ge 2 , (0 < |g| < 1 ); 


We give the realizations of the algebras A 33 , A 3 . 4 , A 35 , A 3 . 6 , A 37 , A 38 , A 3 . 9 and the 
corresponding values of the functions F in the equation ([! ) 


A 3 3 = (ud u , d t + pd x , xud u , y , P > 0 : 

F = —u ^uf. + iv = x — /3t; 

A3.3 = (ud u , d x , md t + xud u , ),m / 0 : 

F = — u _1 u x + uG(u), u) — t — mu x u 
A3.3 = (du, d x , md t + xd u , ),m/0: 

F = G(cv), uj = rnu x — £; 

A3.3 = (d u , d t , d x + td u ,) : 

F — G(u x ); 

A3.3 = {ud u , d x , xud u ,) : 
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F = — u l u 2 x + uG(t ); 

^ 3.3 = {tdt + xd x ,ud u , In \x\ud u ) : 

F = — u L ul + -x^u x + x~ 2 uG(£)-, £ = tx~ l ; 

43 = (ua u , dl + k 3„ ma , + l^),k>0,meR: 

F = — u 1 u 2 c + uG(u), uj = x — kt + mku 1 u x ; 

^ 3.3 = ( emt du , d x , d t + xe mt d u ) , m ± 0 : 

F = m 2 u + G(u), uj = - u x \ 

m 

^ 3.3 = (d u , d t , td u ,) : 

F = G(x,u x ); 

^ 3°3 = ( u9 u, d t - (3~ l xud u , dt + /3d x ) , (3 > 0 : 

F = —u^ul + uG{uj), uj — x — (3t — 1 j3 2 u x u ~ l ; 

^ 3.3 = (ttd«, d t - xud u , d x ) : 

F = t 2 « + 2tu x + uG(u), uj — t + u x u L ; 

= (e kt d u , d t + kud u , (id x + te kt d u ) , /3 > 0, k > 0 : 

F = k 2 u + ^ e kt + e kt G(uj), uj = e~ kt u x ; 

^ 3 3 3 = (|*|*d ut . —|t|3 In |i|au, td t + : 

u ~ 

F = —— 1~ 2 + u 3 G(uj, v), uj = to -1 , v = xu 2 x , 

^ 3 4 3 = (^, -td u , <9 t + kd x ),k > 0 : 

F = G{u, u x ), uj = x — kt ; 

^ 3.4 = (d u , d t + kd x , td t + ^d x + (it + £)<9 U ) ,rj = x — kt, m — 1, k > 0 : 

F = ?7 _1 G'('u ;r )-; 

A 3.4 = (v m ~ 1 d u , d t + kd x , td t + xd x + (mu + tr) m ~ l )d u ) , 
r/ = x — kt, k > 0 , m G F, m ^ 1 , 2 : 

F = (A ’ 2 — l)(m — l)(m — 2)r]~ 2 u — —— r] m ~ 2 + r] 2 ~ m G(uj), 

2m — 4 

a; = ((1 — m)u + iju^r/ 3171-4 -, 

^ 3.4 = (d u , d t , tdt + xd x + (w + t)<9 u ) : 

F = 

4 = l^e ktx 1 d u , d t + kx~ l ud u , td t + xd x + (u + te ktx 1 )d u ^ , k^ 0 : 

F = u(k 2 t 2 x ~ 4 — 2ktx~ 3 + k 2 x~ 2 ) + 2 ktu x x~ 2 + e fcfcr 1 (2Aln |x|:r _1 + x _ 1 (j(a;)), 
a; = e _fcte + ktux ~ 2 ); 

A 34 = ( kx^udu, — k In td t + ^d x ) , A> 0 : 

F = — tF 1- u 2 + + win |«|aF 2 + ux~ 2 G{uj), uj = ArT 1 ; 
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A 6 
^ 3.4 


k > 0 : 


F = —u 1 u 2 + -u In \u\x 2 + ux 2 G(uj), uj = tx 

A l .4 = (~9t + 2d x , e^ x ud u , e} x d u ) : 

F = — u~ l u 2 x — u x + -u In |w| + uG(rj), r/ = —2 1 — x\ 

a Ia = {—2d x , e^ x ud u , e^ x xud u ) : 

F = —u~ l u 2 x — u x + -u In |w| + uG(t ); 

4 = ( kx~ l ud u , d t — k In \x\x~ l ud u , td t + xd x }, k> 0 : 

F = k 2 t 2 ux~ A — 3 ktux~ 3 + 2 ktu x x~ 2 + 2 ktux~ 3 In \u\ 

—2ux~ 2 In |w| + 2 u x x~ l In |u| + x~ 2 u In 2 |w| + ux~ 2 G(uj), 
uj = xu x iG l + In |w| + AtaF 1 

a Ia = (|<|^ u ,— 1 *|* In \t\d u , tdt + xd x + : 

F = —-t ^ 2 + -u“ 1 G(o;, v),u — Ac -1 , v = x^u 2 ] 

a Ia = (d u ,-td u , d t + kd x + ud u ),k> 0 : 

F = u x G(uj, v ), uj = x — kt, v = In (^1 — t ; 

^ 3.5 = (<9 U , <9* + kd x , td t + + u<9 u ) ,r] = x — kt, k > 0 : 

F = C^GM; 

A 3.5 — (vdu, dt + Ac^, td t + zdx + 2w<9 u ) ,rj = x - kt, k > 0 : 

F = G(o;), w = (-« + u x rj)r)~ 2 \ 

A\ b — (v ml du, ft + kd x , td t + + mud u ) ,r] — x — kt, k > 0, m E R, 1 , 2 : 

F = (A ’ 2 — l)(m — l)(m — 2)wj~ 2 + r) m ~ 2 G(u), uj — ((1 — m)u + u x rj)rj~ m -, 
A 3.5 = (dx, d u , td t + xd x + ud u ) : 

F = t~ 1 G(u x y, 

A 3 .s = (d x , td u , tdt + xd x + 2udn) : 

F = G(cj), UJ = Mai; 

^ 3.5 = (dx, \t\ m - l d u , tdt + zd* + rnudy) , m ^1,2, me R: 

F = (2 u — 3 mu — m 2 u)t~ 2 + t m ~ 2 G{uj ), a; = u x t m ~ 1 \ 

A l. 5 = (dt, d x , td t + xd x ) : 

F = m 2 G(V); 

A® 5 = (<9 t , a x , tdt + xd x + wu<9 u ), m ± 0,1,2 : 

I | m ~2 ~ , . _111 m ~ 1 

F = | it | m G ( tc !),uj = u x | u | m ; 

A | 5 = (9 t , d x , tdt + xd x + d u ), m^O: 

F = e~ 2u G(uj), uo = e u u x , 

A 3°5 = (dt, x~ r ud u , td t + xd x ) , k ± 0 : 
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F = 2u x x 1 In \u\ + win 2 \u\x 2 — 2u In \u\x 2 + x 2 uG(x), 
uj = u x u~ l x + In |w|; 

^ 3.5 = (dt + kx~ 3 ud u , e ktx ^d u , td t + xd x + ud u ^ , k ± 0 : 

F = uk{kt 2 — 2a;t + kx 2 )x ~ 4 + 2 ktu x x~ 2 + e ktx 1 x~ 1 G(x), 
to = e~ ktx 1 (u x + ktux ~ 2 ); 

Ag 2 5 = (<9 t , 9 U , td t + xd x + ud u ) : 

F = aT^u*); 

^ 3.6 = (dt + d u , td t + a;d x - w<9„) ,rj = x- kt, k > 0 : 

F = r) 3 G(x), x = r]~ 2 u x , 

A | 6 = (d t + kd x , r)d u , td t + x<9 x ) , 77 = x - kt, k > 0 : 

F = r] 2 G(ix)i x = — u + rju x ; 

A 3 6 = (d t + kd x . rj m+1 d u , td t + xd x + mud u ) ,rj — x — kt, k > 0, m E R, m ^ 0 , — 1 : 

F = {k 2 — 1 )m(m + l)wj~ 2 + rj 2 ~ m G(x ), cm = (—(m + l)w + riu x )rf m ; 

At.e = (d u , <9 X , - £<9 X + wd u ) : F = t~ 3 G(x), x = u x t 2 ; 

A | 6 = (<d„, <9^, -td t ~ xd x + 2w<9 u ) : F = t _ 4 G(w), cm = u x t 3 ; 

A® 6 = {t ml d u , d x , -td t ~ xd x + mud u ) , m ± 1, 2, me R: 

F = (2-u — 3 mu + m 2 u)t~ 2 + £ _ ( m+ 2 ) G(c<;), cm = w x f m+1 ; 

Agg = (<9 X , f" + 1 <9 u , + cc<9 x + rnud u ') , meR: 

F = m(m + l)wr 2 + t m ~ 2 G(x), x = 

A | 6 = (d x , td u , td t + xd x ) : 

F = t~ 2 G(x), x = u x t ; 

A | 6 = (dx, d u , td t + xd x - ud u ) ■ 

F = t~ 3 G(x ), x = u x t 2 -, 

A^°g = (<9 t , 9 U , td t + xd x - ud u ) : 

F = oF 2 (j(cm), cm = u x x 2 ] 

A3 1 g = (<9 t , xwd u , tdt + ^d x ), k 0 : 

F = —2w x x _1 In |w| + win 2 |w|aF 2 + x~ 2 uG(x), 
x = u x u~ l x — In |w|; 

Ag 2 g = (dt + mx~ l ud U i xud u , tdt + xd x ) , mk 7 ^ 0 : 

F = 4 m 2 t 2 x~ 4: u — 2mtux~ 3 + 4 mtu x x~ 2 — 4mtux~ 3 In \u\ — 

2u x x~ l In |w| + u In 2 |w|aF 2 + x~ 2 uG(x), 
x = u x u~ l x — In |m| + 2 mtx~ l \ 

Ag(g = (dt + kx~ l ud u , e ktx 1 d u , td t + xd x ud u ^ , k ± 0 : 

F = uk(kt 2 — 2xt + kx 2 )x~ A + 2ktu x x~ 2 + e fctx \t^ 3 G(cm), 
x = e~ ktx 1 (u x x 2 + ktu); 

A^ = (kx^udu, mxud u , td t + , mk ^ 0 : 
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F = —u l u 2 x + xu x — u In \u\x 2 + ux 2 G(u), to = tx 
A lx = {~dt + d x , e x ud u , e~ x ud u ) : 

F = — u~ l u 2 x — win \u\ + uG(rj ), i] = —t — x ; 

A l% = (9 X , e x ud u , e~ x ud u ) : 

F = —u^u 2 — In |u| + uG{t ); 

A 3 x = (e (m_1)t <9 n , d t + kd x + mud u ),k >0, m^l: 

F = u — 2mu — m 2 u + u x G(lj, v), u = x — kt, v = In |w x | — mt ; 


^ 3.7 — (<9t + td t + £<9 X + ,rj — x — kt, k > 0, 0 < |g| < 1 : 

F = rj q ~ 2 G(u;), w = 

^ 3.7 = (ft + kd x , r]d u , td t + + (g + l)ud u ) , r\ = x - kt, k > 0, 0 < |g| < 1 : 

F = ? 7 9-1 G(a;), w = r)~ q {u x - ur]~ 1 )-, 

A 3.7 = (d t + kd x , r] m ~ q d u , td t + xd x + mud u ), 

rj = x — H, A; > 0, m E R,m ^ q,q + 1, 0 < |g| < 1 : 

F = ( k 2 — l)(m — g)(m — q — l)g~ 2, u + r] m ^ 2 G(u), u> = rj 1 ~ m (u x — (m — q)urj~ 1 ) 
A 3.7 = (9x, du, tdt + xd x + qudu), 0 < \q\ < 1 : F — t q ~ 2 G(u), u = u~ 1 t q ~ 1 -, 

a \.7 = (dx, td u , td t + xd x + (g + 1 )ud u ), 0 < \q\ < 1 : 

F = t q ~ 1 G(uj), u = u~H q -, 

A 3.7 = (dx, t m ~ q d u , tdt + xd x + mudu) , m 7 ^ q, q + 1, m E R, 0 < |g| < 1 : 

F = (m — 1 — q)(m — q)t~ 2 u + t m ~ 2 G(u), u = 

^3.7 = {dt, 9 U , tdt + Xd x + qud u ) , 0 < \q\ < 1 : 

F = x q ~ 2 G(u), l o = u~ l x q ~ 1 -, 

^3.7 = {dt, X~ q ud u , tdt + xd x ) , k ± 0, 0 < |g| < 1 : 

F = 2qu x x ~ 1 In |w| + q 2 u In 2 |u|aF 2 — (g + l)qx~ 2 uln |w| + x~ 2 uG(lu), 
lo = u x vF l x + gin |it|; 

A® 7 = (<9t + mx~ l ud u , kx~ q ud u , td t + xd x ) , mk ^ 0, 0 < |g| < 1 : 

F = (m(q — 1 )t(m(q — 1 )tu + x((q + 2)u — 2 u x x))x~ A — 

qx(2m(q — 1 )tu + x(u + qu — 2u x x )) In |u|x -3 + q 2 ux~ 2 In 2 |u| + ux~ 2 G(lu), 

X) = u x ux + q In \u\ + m( 1 — q)tx ~ 1 

+ kx^udu, e ktx 1 d u , td t + + qud^j , k ^ 0, 0 < \q\ < 1 : 

F = uk(kt 2 x ~ 4 — 2 tx + kx~ 2 ) + 2 ktu x x~ 2 + e ktx 1 + x 9 ~ 2 G'(a;), 
w = e~ ktx 1 x 1 ~ q (u x + ktux ~ 2 ); 

^4^7 = (kx~ l ud u , mx~ q ud u , td t + x<9 x ) , mk ^ 0, 0 < |g| < 1 : 

F = —vF l u 2 x + (g + 2)x~ 1 u x + qu In \u\x~ 1 + ux~ 2 G{lo), uj = tx~ L ; 

A 3 2 7 = (~d t + 2d x , e^ qx ud u , e^ x xud u ), 0 < |g| < 1 : 
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A 13 
■Aj.7 


A 14 
^*■3.7 


A 1 
As. 8 


A 2 
As. 8 


/\3 

Ai.8 


As. 8 


4 5 
As .8 


4 1 

^ 3.9 


A 2 

^ 3.9 


A 3 
71 3.9 


F = —u l u 2 x 


q -\- 1 g 

— 2 —+ ^wln \u\ + uG(rj), r/ = — 2t — x; 


= {-2d x , e* x ud u , e* qx xud u ), 0 < \q\ < 1 : 


F = —u l u 2 x 


g + 1 q , I, / x, 1 . 
—-— u x + -u m |w| + uG(t); 


(ete +1 »d u , e^-^du, d t + kd x + 1(1 + q)ud u ), k > 0 , 0 < \q\ < 1 : 

jp (<? + l) 2 , ni \ 7 + 1 | | 9 A 1 

t =-—- u + u x G[uv), uj = x — kt, v = in \u x \ --—r; 

(cos(ln \x\)ud u , sin(ln \x\)ud u , td t + xd x ) : 

F = —u~ l u 2 x + u x x~ l + u In |-u|x ~ 2 + mA 2 G(w), a; = £x _1 ; 

(cos xud u , sin xud u . d x ) : 

F = — u^u^. + u In |it| + uG(t ); 

(cosxud u , smxud u , d t + d x ) : 

F = —u~ L ul + win \u\ + uG(rj), rj = x — t; 

(cos td u , — sin td u . d t + kd x ), k > 0 : 

F = —u + G(rj, u x ), r/ = x — kt; 

^ 9,,. — If15 sin ^^ u ' kfadt + 2x9;,; + w9 n )^) , k > 0 : 


1*1* cos ( ~^r) d 


/ 


F = 


fc 2 + 1 


4 A ; 2 


t 2 u+\t\ 2 G(uj,v), uj = tx , v — tu 


l xi 


4 4 — 

^s.g — 


4 5 

^.g 


(x( ?2+1 ) cos((g 2 + 1 ) In \x\)ud u , x^ 2+1 ^ sin((g 2 + 1 ) In \x\)ud u , td t + xd x ,), q> 0 

F = —u l u 2 x + (2 q 2 + 1)m x x _1 + 2(g 2 + 1) 2 m1ii |m|x -2 + ux~ 2 G(uj), uj = tx l ; 

(e^ qx cos^ud u , eM x sin J -ud u , -2d x ,), q> 0: 

„ 9 (g 2 + l)u In |w| ~ . . 

F = -u l u 2 x - qu x + 7 ---- + uG(t ); 

(e^ qx cos^ud u , eM x sin |n9, t . —<9 t + 29*,), q > 0 : 

^ _i 9 (g 2 + 1 )« In |w| . 

F = —u 1 u 2 — qu x + --—-- + uG(rj), 77 = —2f — x; 

(sin td u , cos td u , d t + kd x + qud u ), k > 0, q > 0 : 

F = —u + u x G(rj, v ), q = x — kt, v = e~ qt u x ] 

|f|5 sin f 9„, |i |2 cos (" ln ^ 9 U , 2 (fc - g)(f9 t + x9a,) + kuc\ 


2(k - q) 
k G R, q > 0, k 7 ^ q : 
(fc - 9) 2 + l._ 


2 (fc - g) 


F = 


4q-3fc 


4(fc — g ) 2 


f 2 m + \t\ 2 ( k ~i'> G(uj,v), uj = tx 1 , v = \t\ k 2q 


u. 


|2 (k-q). 
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